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The wave functions and Yukawa couplings of the top and bottom quarks in the SO(5)×U (1) gauge-Higgs
uniﬁcation model are determined. The result is summarized in the effective interactions for θˆH (x) =
θH + H(x)/ f H where θH is the Wilson line phase and H(x) is the 4D Higgs ﬁeld. The Yukawa, WWH and
Z ZH couplings vanish at θH = 12π . There emerges the possibility that the Higgs particle becomes stable.
© 2009 Elsevier B.V. Open access under CC BY license.In the standard model of electroweak interactions the elec-
troweak (EW) symmetry is spontaneously broken by the Higgs
ﬁeld, the mechanism of which is yet to be scrutinized and con-
ﬁrmed by experiments. The Higgs particle is expected to be found
at LHC in the coming years. It is not clear at all, however, if the
Higgs particle appears as described in the standard model. It is of-
ten argued from a theoretical point of view that the naturalness
and stability against radiative corrections to the Higgs ﬁeld indi-
cate the existence of supersymmetry underlying the nature. Other
scenarios with the naturalness have also been proposed, among
which are the little Higgs theory, the Higgsless model, and the
gauge-Higgs uniﬁcation scenario [1–3].
Recently there has been signiﬁcant progress in the gauge-Higgs
uniﬁcation scenario in which the 4D Higgs ﬁeld is identiﬁed with
a part of the extra-dimensional component of gauge ﬁelds in
higher dimensions [4–37]. The Higgs ﬁeld appears as an Aharonov–
Bohm (AB) phase, or a Wilson line phase, in the extra dimen-
sion, thereby the EW symmetry being dynamically broken by the
Hosotani mechanism [6–8]. The SO(5) × U (1)X gauge-Higgs uniﬁ-
cation model in the Randall–Sundrum (RS) warped spacetime has
been extensively studied to give deﬁnitive predictions [9–15].
The nature of the Higgs ﬁeld as an AB phase plays a decisive
role here. Let us denote the Wilson line phase along the extra di-
mension by θH . The effective potential Veff(θH ) becomes ﬁnite at
the one loop level thanks to the AB phase nature of θH . The neu-
tral Higgs ﬁeld H(x) corresponds to four-dimensional ﬂuctuations
of θH . It immediately follows that the Higgs mass, related to the
curvature of Veff at the minimum, is predicted at a ﬁnite value,
once the matter content of the theory is speciﬁed. Another distinc-
tive prediction is obtained for the Higgs couplings to W and Z . In
the RS warped spacetime the WWH and Z ZH couplings are sup-
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Open access under CC BY license.pressed by a factor cos θH compared with those in the standard
model.1
Inclusion of quarks and leptons, particularly of top and bot-
tom quarks, is crucial to have EW symmetry breaking. Medina,
Shar, and Wagner (MSW) proposed an SO(5) × U (1)X gauge-Higgs
uniﬁcation model with top and bottom quarks in which the EW
symmetry breaking is induced [14]. More recently Hosotani, Oda,
Ohnuma and Sakamura (HOOS) have proposed a model with sim-
pler matter content and many predictions [15]. It has been shown
there that Veff(θH ) is minimized at θH = 12π and the Higgs mass
is predicted around 50 GeV. The LEP2 bound for the Higgs mass is
evaded thanks to the vanishing Z ZH coupling at θH = 12π .
The purpose of the present Letter is two-fold. The Yukawa cou-
plings of quarks to the 4D Higgs ﬁeld stem from gauge interactions
in the extra-dimension. We ﬁrst evaluate the 4D Yukawa couplings
in the HOOS model in the Kaluza–Klein approach by determin-
ing the wave functions of the Higgs ﬁeld and quarks, inserting
them into the ﬁve-dimensional action, and integrating over the
extra-dimensional coordinate. Secondly we develop an effective in-
teraction approach for the Higgs couplings to quarks. As the Higgs
ﬁeld is a ﬂuctuation mode of θH , the Yukawa couplings are related
to the θH -dependence of the masses of quarks in this approach.
We shall see that the Yukawa couplings in the HOOS model deter-
mined in these two approaches coincide with each other with high
accuracy. This establishes the validity of the effective interactions
at low energies, which enables us to deduce higher-order Higgs
couplings such as Hntt¯ by bypassing laborious procedure of sum-
ming over contributions of intermediate Kaluza–Klein (KK) excited
states.
We analyze the SO(5) × U (1)X model with top and bottom
quarks speciﬁed in Ref. [15], following the notation there. The
1 It has been discussed that the suppression occurs in a wider class of models
[38].
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whose metric is given by
ds2 = 1
z2
{
ημν dx
μ dxν + dz
2
k2
}
(1)
for 1  z  zL . The bulk region 1 < z < zL is an AdS spacetime
with the cosmological constant Λ = −6k2, being sandwiched by
the Planck brane at z = 1 and by the TeV brane at z = zL . The warp
factor zL is large, typically around 1013 to 1017. The SO(5) × U (1)X
gauge symmetry is broken to SO(4)×U (1)X by the orbifold bound-
ary conditions at the Planck and TeV branes with the parity matri-
ces given by P0 = P1 = diag(−1,−1,−1,−1,1). The symmetry is
further broken to SU(2)L × U (1)Y by additional interactions at the
Planck brane.
The 4D Higgs ﬁeld appears as a zero mode in the SO(5)/SO(4)
part of the ﬁfth dimensional component of the vector potential
Aaˆz(x, z) (a = 1, . . . ,4), which is expanded as
Aaˆz(x, z) = φa(x)ϕH (z) + · · · , ϕH (z) =
√
2
k(z2L − 1)
z. (2)
An SO(4) vector φa forms an SU(2)L doublet ΦH (x)t = (1/
√
2 )(φ2+
iφ1, φ4 − iφ3) corresponding to the Higgs doublet in the stan-
dard model. Without loss of generality one can assume 〈φa〉 =
vδa4 when the EW symmetry is spontaneously broken by the
Hosotani mechanism. Let us denote the generators of SO(5)/SO(4)
by T aˆ (a = 1, . . . ,4). In the vectorial representation (T 4ˆ)ab =
(i/
√
2 )(δa5δb4 − δa4δb5), whereas in the spinorial representation
T 4ˆ = (1/2√2 )I2 ⊗ τ1. The Wilson line phase θH is given by
exp{ i2 θH (2
√
2T 4ˆ)} = exp{igA
∫ zL
1 dz 〈Az〉} so that
θH = 1
2
gA v
√
z2L − 1
k
∼ gv
2
π
√
kL
mKK
. (3)
Here the SO(5) gauge coupling constant gA in ﬁve dimensions is
related to the four-dimensional SU(2)L gauge coupling constant
g by g = gA/
√
L where L = k−1 ln zL is the size of the ﬁfth di-
mension in the y (≡ k−1 ln z) coordinate. The Kaluza–Klein mass
scale is given by mKK = πk(zL − 1)−1 ∼ πkz−1L . The W boson
mass is approximately given by mW ∼
√
k/Lz−1L |sin θH |. The value
for θH is dynamically determined such that the effective poten-
tial Veff(θH ) is minimized. In the HOOS model θH = 12π . With mW
and zL given, k and mKK are ﬁxed. For zL = 1013 to 1017, k ranges
from 4.4 × 1015 GeV to 5.0 × 1019 GeV, but mKK varies only from
1.38 TeV to 1.58 TeV. Physics predictions do not sensitively depend
on the parameter zL in this range.
The main focus in the present Letter is given on fermions and
their interactions. Let us consider fermion multiplets containing
top and bottom quarks. In the bulk region 1 < z < zL two SO(5)
vector multiplets, Ψa (a = 1,2), are introduced with the action
Lfermionbulk =
∑2
a=1 12 {Ψ aD(ca)Ψa +h.c.} where ca denotes the dimen-
sionless bulk mass parameter. Each of Ψa ’s consists of SO(4) vec-
tor and singlet components. The former is decomposed into two
SU(2)L doublets with SU(2)R charges T 3R = ± 12 ;
Ψ1 =
[(
T
B
)
≡ Q 1,
(
t
b
)
≡ q, t′
]
2/3
,
Ψ2 =
[(
U
D
)
≡ Q 2,
(
X
Y
)
≡ Q 3,b′
]
−1/3
. (4)
The subscript 2/3 or −1/3 indicates the U (1)X charge Q X . The
electric charge is given by Q E = T 3L + T 3R + Q X . The orbifold
boundary condition is given by Ψa(x, y j − y) = P jΓ 5Ψa(x, y j + y)
in the y coordinate with (y0, y1) = (0, L). This leads to zero modes
in QaL , qL , t′R and b′R , where the subscripts L and R denote theleft- and right-handed components in four dimensions, respec-
tively.
In addition to the bulk fermions, three right-handed multiplets
localized on the Planck brane, belonging to ( 12 ,0) representation
of SU(2)L × SU(2)R , are introduced;
χˆ1R =
(
Tˆ R
Bˆ R
)
7/6
, χˆ2R =
(
Uˆ R
Dˆ R
)
1/6
,
χˆ3R =
(
XˆR
Yˆ R
)
−5/6
. (5)
Here the subscripts 7/6, etc., represent the U (1)X charges. The
brane fermions χˆaR have, besides gauge invariant kinetic terms on
the Planck brane, mass terms with qL and QaL given by
Lbranemass = −iδ(y)
{
3∑
α=1
μαχˆ
†
αR QαL + μ˜χˆ †2RqL
}
+ (h.c.). (6)
The four brane mass parameters, μα and μ˜ have dimensions of
(mass)1/2. We suppose that μ2α, μ˜
2 
 mKK. In this case the only
relevant parameter for the spectrum at low energies turns out the
ratio μ˜/μ2 ∼mb/mt .
In Ref. [15] the spectrum of various ﬁelds were determined in
the twisted gauge achieved by a gauge transformation
Ω(z) = exp{iθ(z)√2T 4ˆ}, θ(z) = z2L − z2
z2L − 1
θH . (7)
In the twisted gauge A˜M = Ω AMΩ† − (i/g)Ω∂MΩ† and the back-
ground ﬁeld vanishes, 〈 A˜M〉 = 0, but the boundary conditions at
z = 1 get twisted from the original ones.
The ﬁelds in the bulk satisfy the free equations in the linear
approximation. The equations in the bulk for the fermion ﬁelds
Ψ˜ ≡ z−2ΩΨ with the bulk mass parameter c simplify to{(
σ∂
σ¯ ∂
)
− k
(
D−(c)
D+(c)
)}(
Ψ˜R
Ψ˜L
)
= 0, (8)
where D±(c) = ±(d/dz) + (c/z). Various ﬁelds mix among them-
selves through the brane mass terms in (6) and the twisted bound-
ary conditions caused by Ω(z) in (7). The z-dependence of the
solutions to (8) is expressed in terms of the Bessel functions. The
basis functions are given by(
CL
SL
)
(z;λ, c) = ±π
2
λ
√
zzL Fc+ 12 ,c∓ 12 (λz, λzL),(
CR
SR
)
(z;λ, c) = ∓π
2
λ
√
zzL Fc− 12 ,c± 12 (λz, λzL), (9)
where Fα,β(u, v) = Jα(u)Yβ(v) − Yα(u) Jβ(v). They satisfy the re-
lations SL(z;λ,−c) = −SR(z;λ, c) and CLCR − SL SR = 1. They also
obey the boundary conditions that CR = CL = 1, D−CR = D+CL =
0, SR = SL = 0 and D−SR = D+SL = λ at z = zL . Further D± links
them by D+(CL, SL) = λ(SR ,CR) and D−(CR , SR) = λ(SL,CL).
In the Q EM = 23 sector (the top sector) U , B , t , t′ , Uˆ R and Bˆ R
mix with each other. The top quark component t(x) in four dimen-
sions is contained in these ﬁelds in the form⎛
⎝ U˜ L(B˜ L ± t˜L)/√2
t˜′L
⎞
⎠ (x, z) = √k
⎛
⎝ aU CL(z;λ, c2)aB±t CL(z;λ, c1)
at′ SL(z;λ, c1)
⎞
⎠ tL(x),
⎛
⎝ U˜ R(B˜ R ± t˜R)/√2
t˜′R
⎞
⎠ (x, z) = √k
⎛
⎝ aU SR(z;λ, c2)aB±t S R(z;λ, c1)
at′CR(z;λ, c1)
⎞
⎠ tR(x). (10)
The brane fermions are related to the bulk fermions by
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With the value of zL given, k, λ, c1 = c2 = c are determined. Input parameters are
the W boson mass mW = 80.40 GeV and the top quark mass mt = 172 GeV.
zL = ekL k (GeV) λ(θH = π/2) c mKK (TeV)
1015 4.70× 1017 3.66× 10−16 0.432 1.48
1010 3.83× 1012 4.49× 10−11 0.396 1.20
Uˆ R(x) = 2
μ∗2
UR(x,1
+) = 2
μ˜∗
tR(x,1
+),
Bˆ R(x) = 2
μ∗1
BR(x,1
+) (11)
as follows from the equations of motion. We note that UR , tR and
BR develop discontinuities at the Planck brane. The top quark mass
is given by mt = kλ. The coeﬃcients a j ’s are common to both left-
and right-handed components as a consequence of the equations
of motion in the bulk (σ¯ ∂ U˜ R = kD+U˜ L , etc.) with the normaliza-
tion σ¯ ∂tR(x) =mttL(x).
The eigenvalue λ and coeﬃcients a j ’s are determined from the
boundary conditions. The details of the computations were given
in Ref. [15]. Let us denote sH = sin θH , cH = cos θH , and C ( j)L =
CL(1;λ, c j), etc. The coeﬃcients satisfy sHaB−t C (1)L = cHat′ S(1)L and
K
⎡
⎣ aU(aB+t − c−1H aB−t)/√2
(aB+t + c−1H aB−t)/
√
2
⎤
⎦= 0,
K =
⎡
⎢⎢⎢⎣
λS(2)R − |μ2|
2
2k C
(2)
L −μ
∗
2μ˜
2k C
(1)
L 0
− μ˜∗μ22k C (2)L λ S¯(1) − |μ˜|
2
2k C
(1)
L − λ2
s2H
S(1)L
0 −λ s2H
S(1)L
2λ S¯(1) − |μ1|2k C (1)L
⎤
⎥⎥⎥⎦ ,
(12)
where S¯(1) = S(1)R + (s2H/2S(1)L ). The top mass, or the eigenvalue λ,
is determined by the condition det K = 0. When |μ j |2, |μ˜|2 
mKK,
the equation is approximated, to high accuracy, by
|μ2|2C (2)L
{
S(1)R +
s2H
2S(1)L
}
+ |μ˜|2C (1)L S(2)R = 0. (13)
The ﬁrst term in (13) dominates over the second. With given zL ,
c1 is ﬁxed so as to reproduce the observed mt ∼ 172 GeV at θH =
1
2π . See Table 1. With these parameters ﬁxed, the θH -dependence
of mt is determined numerically, which is depicted in Fig. 1 for
zL = 1010 and 1015. The curves ﬁt well with
mt ∼ mKK√
2π
√
1− 4c21|sin θH | (14)
with an error of 2.0–4.0%. The top mass mt = λk vanishes at θH = 0
as the chiral symmetry is restored. The effective potential Veff(θH )
is evaluated from the θH -dependence of the mass spectrum. It was
found that the contribution from the top quark dominates over
those from gauge ﬁelds and other fermions. Veff is minimized at
θH = ± 12π .
To be deﬁnite, let us take μ j, μ˜ > 0 given by
μ21 = μ22 = 1010 GeV, μ˜2 = 5.96× 106 GeV, (15)
which, a posteriori, leads to the value mb/mt ∼ 4.2/172 for c1 = c2.
With the value λ for the top quark, λSR/[(μ22/2k)CL] in the ma-
trix K in (12), for instance, is O (10−15) so that Eq. (12) is well
approximated byFig. 1. The θH -dependence of λzL of the top quark for zL = 1010 and zL = 1015. The
top mass is given by mt = λk. The plots ﬁt well with κ sin θH as in (14).⎛
⎜⎝
|μ2|2C (2)L μ∗2μ˜C (1)L 0
μ˜∗μ2C (2)L |μ˜|2C (1)L 0
0 0 2|μ1|2C (1)L
⎞
⎟⎠
⎡
⎣ aU(aB+t − c−1H aB−t)/√2
(aB+t + c−1H aB−t)/
√
2
⎤
⎦∼ 0.
(16)
It follows that
[aB−t ,aU ,at′ ] ∼
[
−cH ,−
√
2μ˜C (1)L
μ2C
(2)
L
,− sHC
(1)
L
S(1)L
]
aB+t . (17)
The coeﬃcient aB+t is determined so as to have canonical normal-
ization for the kinetic term of tL(x). Note that λ depends on θH .
In the Q EM = − 13 sector (the bottom sector) b, D , X , b′ , Dˆ R and
XˆR mix with each other. As in the top sector, the bottom quark
component b(x) in four dimensions appears as⎛
⎝ b˜L(D˜ L ± X˜L)/√2
b˜′L
⎞
⎠ (x, z) = √k
( abCL(z;λ, c1)
aD±XCL(z;λ, c2)
ab′ SL(z;λ, c2)
)
bL(x),
⎛
⎝ b˜R(D˜ R ± X˜R)/√2
b˜′R
⎞
⎠ (x, z) = √k
( ab SR(z;λ, c1)
aD±X SR(z;λ, c2)
ab′CR(z;λ, c2)
)
bR(x). (18)
The brane fermions are related to the bulk fermions by
Dˆ R(x) = 2
μ∗2
DR(x,1
+) = 2
μ˜∗
bR(x,1
+),
XˆR(x) = 2
μ∗3
XR(x,1
+). (19)
The equation corresponding to (12) is obtained by replacing
(U , B, t) by (b, D, X) and interchanging (c1, c2), (μ1,μ3) and
(μ2, μ˜). In the same approximation as in the top case the bot-
tom mass and the coeﬃcients a j ’s are found, for 0< c1, c2 <
1
2 , to
be
mb ∼
√
1+ 2c2
1+ 2c1
∣∣∣∣ μ˜μ2
∣∣∣∣zc1−c2L mt (20)
and
[aD+X ,aD−X ,ab′ ] ∼
[
−1, cH , sHC
(2)
L
S(2)L
]
μ˜C (1)L√
2μ2C
(2)
L
ab. (21)
With the wave functions of the top and bottom quarks at
hand, one can evaluate their Yukawa couplings in two man-
ners. In the Kaluza–Klein approach we insert the wave functions
into the ﬁve-dimensional Lagrangian density Lfermionbulk + Lbranemass and
integrate over the ﬁfth dimensional coordinate to obtain four-
dimensional Lagrangian. The part k−1
∑2
j=1 Ψ˜ j(γ ∂)d=4Ψ˜ j gives the
four-dimensional kinetic terms for the top and bottom quarks. The
part with the covariant derivative in the ﬁfth coordinate
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The coeﬃcients (25) of the wave functions of the top and bottom quarks at θH = 0 and 12π , evaluated for c1 = c2 = 0.43, zL = 1015, and μ j , μ˜ in (15).
θH = 0 θH = 12π
aU a′ LU a′ RU 2.9× 10−10 0.024 5.1× 10−5 3.0× 10−10 0.025 0.0017
aB+t a′ LB+t a′ RB+t 1.2× 10−8 0.71 0.0015 1.2× 10−8 0.73 0.050
aB−t a′ LB−t a′ RB−t −1.2× 10−8 −0.71 −0.0015 0 0 0
at′ a′ Lt′ a
′ R
t′ 4.3× 10−8 0.021 1.0 4.4× 10−8 0.69 1.0
ab a′ Lb a
′ R
b 1.2× 10−8 1.0 5.1× 10−5 1.2× 10−8 1.0 0.0016
aD+X a′ LD+X a′ RD+X 2.9× 10−10 0.017 8.8× 10−7 2.9× 10−10 0.017 2.8× 10−5
aD−X a′ LD−X a′ RD−X −2.9× 10−10 −0.017 −8.8× 10−7 0 0 0
ab′ a′ Lb′ a
′ R
b′ 4.3× 10−8 0.00051 1.0 4.3× 10−8 0.016 1.02∑
j=1
{−iΨ˜ †jL(D−(c j) + igA A˜z)Ψ˜ jR + iΨ˜ †jR(D+(c j) − igA A˜z)Ψ˜ jL} (22)
generates both the masses and Yukawa couplings of the top and
bottom quarks. The 4D Higgs ﬁeld is contained in the gauge po-
tential Az . The vev v of φ4(x) in (2) is related to θH by (3) and its
ﬂuctuation around v corresponds to the neutral Higgs ﬁeld H(x).
Hence the relevant part of the gauge potential is expressed as
Az(x, z) = θˆH (x) · 2
√
2z
z2L − 1
· T 4ˆ + · · · (23)
in the original gauge where
θˆH (x) = θH + H(x)
f H
, f H = 2
gA
√
k
z2L − 1
∼ 2√
kL
mKK
π g
. (24)
In the twisted gauge deﬁned in (7), A˜cz = 〈 A˜z〉 vanishes, A˜z(x, z)
being expanded as in (23) with θˆH replaced by H(x)/ f H .
The Yukawa coupling originates from gA(Ψ
†
L AzΨR + Ψ †R AzΨL)
or gA(Ψ˜
†
L A˜zΨ˜R + Ψ˜ †R A˜zΨ˜L), whereas the mass term comes from
−iΨ †L (D− + igA Acz)ΨR + iΨ †R(D+ − igA Acz)ΨL in the original gauge
or −iΨ˜ †jL D−Ψ˜ jR + iΨ˜ †jR D+Ψ˜ jL in the twisted gauge. The terms in-
volving D± are important. With the wave function in (2), (10)
and (18) inserted, ϕH (z)Ψ˜
†
jL T
4ˆΨ˜ jR (ϕH (z)Ψ˜
†
jR T
4ˆΨ˜ jL ) has different
z-dependence from Ψ˜ †jL D−Ψ˜ jR (Ψ˜
†
jR D+Ψ˜ jL ). After the integration
over z, the Yukawa coupling is not proportional to the fermion
mass in the RS spacetime. We also recall that a large gauge trans-
formation generates θH → θH + 2π so that the mass spectrum
remains invariant under the shift θH → θH + 2π , or equivalently
under H(x) → H(x) + 2π f H . The mass is a periodic, nonlinear
function of θH . (There is no level-crossing in the RS spacetime.)
The nonlinearity in the relation between the Yukawa coupling and
mass is conﬁrmed by direct evaluation described below.
Let us deﬁne the normalized coeﬃcients a′ L,Rj by
(
a′ LU ,a′ LB±t ,a′ Lt′
)= (√N(2)CL aU ,
√
N(1)CL aB±t ,
√
N(1)SL at′
)
,(
a′ RU ,a′ RB±t ,a′ Rt′
)= (√N(2)SR aU ,
√
N(1)SR aB±t ,
√
N(1)CR at′
)
, (25)
where N( j)CL =
∫ zL
1 dz CL(z;λ, c j)2, etc. Then the free part of the La-
grangian for the top quark is found to be
L4Dfree ∼ −PL it†Lσ∂tL + P R it†Rσ∂tR + λk
PL + P R
2
(
it†LtR − it†RtL
)
,
PL,R =
∣∣a′ L,RU ∣∣2 + ∣∣a′ L,RB+t ∣∣2 + ∣∣a′ L,RB−t ∣∣2 + ∣∣a′ L,Rt′ ∣∣2. (26)
The contributions coming from the brane mass term Lbranemass turn
out O (10−15) smaller than PL and P R , and can be ignored.
Recall that D−SR = λCL and D+CL = λSR , from which it follows
that NCL = NSR + λ−1SRCL |z=1. HencePL = P R + 1
λ
{
S(2)R C
(2)
L |aU |2 + S(1)R C (1)L
(|aB+t |2 + |aB−t |2)
+ S(1)L C (1)R |at′ |2
}
= P R + 2
λ
|aB+t |2C (1)L
{
S(1)R +
s2H
2S(1)L
+ |μ˜|
2
|μ2|2
S(2)R C
(1)
L
C (2)L
}
= P R . (27)
The relations (17) and CLCR − SL SR = 1 have been used in the
second equality. The last equality follows from the relation (13)
determining the mass spectrum. Let us adopt the normalization
PL = P R = 1 with which the top mass appears as λk in (26) as it
should. The coeﬃcients a′ Lj and a
′ R
j represent how much portion
of each ﬁeld contains the left- and right-handed top quark, respec-
tively.
Similarly the normalized coeﬃcients a′ L,Rb , a
′ L,R
X±D , a
′ L,R
b′ are de-
termined. The numerical values are tabulated in Table 2. The nu-
merical values for the dominant terms (a′ LB±t , a
′ L,R
t′ , a
′ L
b , a
′ L
D±X ,
and a′ Rb′ ) do not vary very much with zL in the range 10
10 to
1015. In the θH = 0 limit, the four-dimensional tL(x) and tR(x)
are mostly contained in the ﬁve-dimensional t and t′ , respectively.
At θH = 12π , tL(x) resides in the (B + t)/
√
2 and t′ components,
whereas tR(x) remains in t′ . The four-dimensional bL(x) and bR(x)
are mostly contained, for any value of θH , in the ﬁve-dimensional
b and b′ , respectively.
The Yukawa couplings are evaluated in the same manner. In-
serting A˜4ˆz = H(x)ϕH (z) and the wave functions (10) into (22) in
the twisted gauge, one ﬁnds, for the top quark,
√
det gLY = − i
2
gAHϕH (z)
{
t˜′†R(t˜L − B˜ L) + t˜′
†
L(t˜R − B˜ R) − (h.c.)
}
= − i√
2
gAkat′aB−tϕH (z)H(x)
{
t†RtL(x) − t†LtR(x)
}
. (28)
The overall phase of the a j ’s has been taken to be real. By making
use of (17) and integrating over z, the 4D Yukawa coupling con-
stant in L4DYukawa = iyH(t†LtR − t†RtL) is found to be
y(θH ) =
g
√
kL(z2L − 1)sHcHC (1)L
4S(1)L P¯
,
P¯ = 1+ c
2
H
2
N(1)CL +
s2H
2
(
C (1)L
S(1)L
)2
N(1)SL +
|μ˜|2
|μ2|2
(
C (1)L
C (2)L
)2
N(2)CL . (29)
Note that sH/N
(1)
SL
remains ﬁnite in the sH → 0 limit. The θH -
dependence of y(θH ) for the top quark is depicted in Fig. 2, which
is well approximated by the cosine curve. It is seen that y vanishes
at θH = 12π . The result for the bottom quark is similar to that for
the top quark, with a magnitude scaled down by a factor mb/mt .
So far we have evaluated the masses and Yukawa couplings of
the top and bottom quarks in the Kaluza–Klein approach. One can
develop an effective interaction approach [12,13,38] to concisely
196 Y. Hosotani, Y. Kobayashi / Physics Letters B 674 (2009) 192–196Fig. 2. The θH -dependence of the Yukawa coupling for the top quark for zL = 1015.
The curve is well approximated by a cosine curve. The curve has little dependence
on zL .
summarize the results. It enables us for deducing the Higgs cou-
plings in higher order as well.
In the original gauge θH and H(x) always appear in the com-
bination θˆH (x) in (24). Therefore the effective local interactions at
low energies, which manifest signiﬁcant deviation from the stan-
dard model, can be written in the form
Leff = −Veff(θˆH ) −mW (θˆH )2W †μWμ − 12mZ (θˆH )
2 Zμ Z
μ
−
∑
f
m f (θˆH )ψ f ψ f . (30)
The key feature is that θH is a phase variable so that Leff is peri-
odic in θˆH with a period 2π . The ﬁrst term is the effective poten-
tial for θˆH . As shown in Ref. [6], Veff is ﬁnite and the value of θH is
unambiguously determined by the location of its global minimum.
The Higgs mass mH , given by m2H = V (2)eff (θH )/ f 2H , is predicted to
be ﬁnite. mW (θˆH ) and mZ (θˆH ) in the SO(5) × U (1)X model in the
RS spacetime has been evaluated in Refs. [10,11];
mW (θˆH ) ∼ cos θWmZ (θˆH ) ∼ 1
2
g fH sin θˆH , (31)
where mW =mW (θH ), mZ =mZ (θH ), and θW is the Weinberg an-
gle. Expanding mW (θˆH )2 and mZ (θˆH )2 in (30) in a power series
in H , one ﬁnds that WWH and Z ZH couplings are suppressed
by a factor cos θH compared with those in the standard model. For
the WWHH and Z ZHH couplings the suppression factor becomes
cos2θH . As demonstrated by Sakamura, it includes the contribu-
tions of the KK towers of W and Z in the intermediate states [13].
The effective interactions contain contributions coming from heavy
KK excited states.
We apply the same argument to the last term in (30). In this
approach the Yukawa coupling y f Hψ f ψ f is related to the mass
by
y f (θH ) = 1f H
dm f (θH )
dθH
. (32)
The top quark mass mt(θH ) is determined from (13) as a function
of θH . Its derivative dmt(θH )/dθH is compared with the Yukawa
coupling yt(θH ) in (29) determined in the Kaluza–Klein approach.
We have numerically conﬁrmed that the equality (32) between the
two holds with an error less than 0.3% in the entire region of θH ,
which establishes the validity and usefulness of the effective in-
teraction approach. As is seen in Fig. 1, the mass mt(θH ) reaches
the maximum at θH = 12π . The relation (32) implies that the
Yukawa coupling yt(θH ) vanishes there, which, independently, is
shown in the Kaluza–Klein approach as well. In the effective inter-
action approach the HHψ f ψ f coupling, is given by m
(2)
f (θH )/ f
2
H .
In the HOOS model m f (θˆH ) ∼ κ f sin θˆH and θH = 12π . Althoughthe Yukawa coupling y f vanishes, the HHψ f ψ f coupling is non-
vanishing (∼ −m f / f 2H ). The KK excited states of ψ f contribute in
the intermediate states for the HHψ f ψ f coupling.
In this Letter we have given detailed analysis of the Yukawa
couplings in the SO(5) × U (1) gauge-Higgs uniﬁcation model, par-
ticularly in the HOOS model [15]. We have determined the wave
functions of the top and bottom quarks in the extra-dimensional
space, with which the Yukawa couplings are evaluated numerically
in the Kaluza–Klein approach. We have also shown that all the re-
sults are concisely cast in the form of the effective interactions.
The phenomenological implication is signiﬁcant. In the gauge-
Higgs uniﬁcation scenario the large deviation from the standard
model of electroweak interactions appears in the Higgs couplings.
All of the WWH , Z ZH , and Yukawa couplings are suppressed
by a factor cos θH , which can be checked in the forthcoming ex-
periments at LHC. In the HOOS model, in particular, θH = 12π is
dynamically realized, leading to completely new phenomenology.
The Higgs particle becomes stable in the low energy effective the-
ory at the tree level. It is interesting to see whether or not the
Higgs particle can decay at all through heavy KK excited states. We
will come back on this issue in a separate paper in more detail.
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